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Structurs of darivations
W2 wWant to classify the derivations of a separable zlter—

native algshra over a field o by proving they are all inner:

Dar{iA . M) = Indern(a,M) , Cutder{a,M) = 0 .
L2t us recall cur momenclaturs for the varied degress of per-—

T=¢tion that a derivation may attain. & derivation rom A to

M iz innar if it has thes form

=y
(&2}

I = + B A
Til S
1 i

Eor syitable m,mi £ M and Ki £ A such that:

Jm o+ E[xi,m_:] £ (M) finner).

It is skrictly inner or f-strictly inner for a strongly

sssociative ildempotent F relative to & if

3m + EI:—:{_.mi] = (strictly inner)

Zm 1 IEKi*mL] & fMf (E-strietly inner).
in both thease casas 3Im + E[xi,mi] remains nuclear (so the
Gzrivation extends ta an inner derivation] Zrom any largser
alg=hra A DA to any largser himodule M D M. If £ = 0 then
"f-strictly inner" raduces to "strictly inner." In characteristic
7 3 anv strietly innsyr derivation is standsrd,

D=3 b s
It's not true that a derivation kills idempotents, the way
T kills units, but ik can be persuaded to after a little

straightening—out.



{idempotent-Killing Lemma) If D: A + M is a derivation of an

alternative algshra A into = bimeduls M, where ﬂl'!‘.'en are

pairwize orthogonal idenpotents in %, then

is a darivation D: i) Mwhich kills 811 e

1 L ) [E'_: :I o r
angd Congsguentiss maps Yeircs sSpaces DA, J ";-:.. M.
= b £ ij 3

Procf. To see D kills e simply compute ﬁ[ek} -
[= + 5 T B B o= 3 T ; 3, =k
Dy k] Ll{J ci*D{Ejj i Dfekﬁ + $5 4 [[EL’D{HJ}]’CLJ
+ 35 Eci,nfe4j,ekj - 0f the three parts to the expresaion
for ﬁ(ek} » khe first is Dfa. ), the last vanishas since

fe.,M,2.1 = 0 , and the middle is - Dfek] Since

1 |
T .. ; .} = Dila, e, = Difa.) = = . ]
=i{j{EELD{Ej} D ]} e, L Ekfelﬂic ] D[c 3 e,
= T I = 2.0 = f - o x
Byt LE:].D{ff.].ek + ”ku“eﬁ} ;- ?1<_ lD{* Ye. i % + CRCID{E]}}
{9 Ll DoYTa s t+1 = . b
Loy Lhe abows associativity) L 1 {1 [e = } D[ei) Ejfek
b EKjDLEjEi; - ajnlel}; - Eiéj 1D[_j]ﬂick + ekgibiejl} (as
Dixy) = Dixly + xD(y)) = Ei{D{EL}ek + ckD{efl}
e mia s -1 ) Y + ) . Fasr
Hyegey 1Bl le, # ckpteli} B 5 __{b(ej}ek ERD{GJ}} (b
= Tl ] 2
arthogonality of the e's) = —[D{GZ}EE + ekDfek]} = D{ek} = - Df

Thus ths thres sxpressions for U{ek} add up to =aro,
Once D kills all 2, We have D{H+j1 = Plesde.)
el a4 d

TR I
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4-3
“his generalizes [V.5.5 to the case of seyeral iﬁampot;ants,

Using this we can reduce derivations from a direct sum to

cZerivations on the individual pleces,

(Alcsbra Sum Lemma) Yet A — Ay EH«--5 A De @ direct sum of

unitzl algesras Ei with units &, , M an A-bimcdula. If zll

T i"'..’:'.%__:-.:; S AL & &, M = 117 = 1 oF a7 = it
ons A 2y ”“i ara innsr (resp. strictly, Ei strictly

1L} then all derivations A = M are inner (resp,
Strictly, F-gtrictly inner for £ = z fi = AL

1 i pe .
|‘l_--"II o P: " T"'.L. =% x : o = T i l = - D I : _‘1 = }-. . . -::'
LA i %1, d=0 MLJ Sl Y 2t 153 Ej;D{Ej}

W mav gssume D kills all ey by the Tdemputent Killing Leomma 4.1.

(¥otz D will e inpner, strictly innexr, or f-strictly inner if

15 since we are adding on only standazd derivations). Once

= o i T - ] = g, iy _ ;
Bilas] 0 we hawve D[ﬁiL} D(ci Aei e, Diajeic: Ml

i

Ths restrictlon Di of 11 to ﬂi is a derivation Hi = M. .

i

whiich by hypothesis is inner (resno. strictly or f.=stricktly inner):

l
il
(a7
+

S for m. .m., < M, ®. = A, . with
i '_-T.E_: L xi. 5 __it‘ 1 g = 11 i = nl.'].
3 3 4

3oy ¥ ol o E MM, . resp. = or in fEF)., Sin
Il ;W_ﬂ] < ll} (resp Q in ] ce

- - i 3, n 5 i - 14 . 1 Ly
Eé,ﬂi: roXy o AN Ail e Bl kill Ajj by Pelrece erthogonality,
si 2xiends to a derivaticn on all of & with Di[ﬂ.j} = I for
1 71 . Ther=fore D coincides with T D. cn each A_ , so0

L I
o= § O, = % ad + EHi D whare 3Xx m. + ®[x. ,m. 1 &
i . T, i, xi W i [ T Fta M

1o’ i

- l
E 17'[?-’15_1-3C: (M) (resp. = 0 or in & T £, fMF) and D
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1% inner (resp. strictly inner or f-strictly inmmer). (Recall

is strongly associative relative to A if the £, are

&

relative to A.). W@
Notz the non-unital bimodules take care of themselves; see

Alsc cxcroisze 4.4,
Wo can also bresk M ointo pieces,

WModule Sunm Lemma) If A is finitely apanned over ¢ and
M=9M iz a direck sum of bimodules such that all derivations
A > Hu gre inner (resp. strictly or f=gtrietly inner), then all

derivations 2 + M are inner (resp. strictly or f—strictly inner).

PEOGE. LF T, t M+ M 1is the projection on M aszeciated
' o o

with the direct sum decomposition, the composition D = i S
(4 oS
is a derivation & + M « By hypothesizs D is inner,
o . . ui
D =ad + F A . Tor m ,m. €M . Furthermore, Lhe hypoth-—
) Tili K]- ¥ :lli o L o ’
N o

esis that A is finitely spanned guarantees only finitely many

D are neonzero: sach D(a) has componanis in only [initely many
L ; -

summands M, so if dysvrega Span A and involve only M ye.. M
157 o r {'Y.'l r O

in

then D(A) = D(p ¢ai1 = E oDla. )1 ¢ M - Thus D =24 + . A
fm =7 mu1, wasre all sums are actually Ffinite. If 3m- + TIKiq’m' 1

balongs ta H{M ), 0, or _fM f toen 34 B Toteoms ] bzlongs
o o Py Lo
i ;
to N(M), g, or rmMf , BB



Finallwy, it suffices tg prove all derivations of a scalar

2XU=nsion are inner,

Strictly inner or f-sltrictly inner

20 extension such that o=

vations A + M are inner (resp

ProoZ, Ist D: & = M bha 3z derivation; +

T M D=

=21l such ars ipner we have D[E

and Ki = ﬂn

If all derivations AF

iousing linearity A_

+ M,
i b

for £ € A) whare 2 ¢ is

is alzso g derivation.

are inner (resp,’

strictly or f-strietly inner).

he =T @ .1:
=4} IJﬁ I

1

m
iy W= Ccan

AT, . I
Yoyt

2

o

i

for . & b%

as d-moduls, then ail tlea =i =

Lf we assume

.

: 3 ; S0 M =
i f 'EJJ '@' EU r G ﬁ
(M2 21) 3 (M@ )l = MMam and writa m = n o T, =1, 0
o 0 o 1 i
9 a,h. & Mand n o,n, o M . Since M and M are A-pimodules,
1, o i o o
2pplving Do=D®81ltoables @ -1 yields pD{a) @ 1 =
[iln:a] =+ gl=x.,n, 2119 1 + {Inu,aj E[xi,niﬂ,aj} . Tdentifying
Solipenants in M gives Dia) ] + Z[Ki,nj,aT, and
B = &g
The conditions that 3m = zIxi,mij T3n + zlxi,ni]] L] {3:1D +
;Ixf,J:gJ} belongs to MM ) Mu} (resp. to 0 ar fM_f}
Ak b wl
faplies 3n + Elx; .1 belongs to N(M}, to 0, or to fME, There-
fore D is inner, strictly inner, or feabrictly inmer i7 0. is. |



H =29

{=h

Using these roductions and our previous knowledce of deri-
vations of the hasic bimodulas, wa are ready to tackle an

arsitrary separable algebra. As 3 preliminary bit of notation,

if A is separable oyer o 1t is g Girect sum A = A1 B s Ja
4 i I
of algebras hi simple over their separable centers T, with

units By 7 the indicator of A is the sum LRy =8 #y af the

units 2, corrcsnonding Lo the sinple surmands Aj whosa dagrees

—_

=
Ly
i

livisibla by the characteristic P (ie which become matrix

algsbras ﬁj @F Q= Mk(“} ovary the algshraic clasure of degrae

X divisible by bp). Note that £iA) = Z(a,) remains Lthe same wunder

§2

scalar extension, since a, @, 0 S @ A, for A.- = a. ®_ it by
1 & o o ] Iy

Szparable Decomposition 0,00 , and therafore if a. contributes

its urit e. to £{A) Lhen *ha ajﬁ contribute their units

T e = e, 81 te f{A_ ) sao that f{ﬁp} = f(A) ® 1 . Note alzo

it 4

nat z(@EA.) = B f{&i], and T(A} = 0 in characlteristie 0.

(Derivation Theorem] Any derivation D of a Separable alter-
nativae algebra & over a fislg b into a bimodule M is inner:

D=ad + A (3m Elxi,miJ € N{M} ).

;om

L
If the characteristic # {or the characteriztic is 2 hut A
has no guaternion summands) then D is f-strietly inner, wheare
the indicator £(n) is strongly assaclative,

£ the characterxistic # 2,3 D is L-standard

D=2ad 4+ = D (m € IMF)
= Firelty
and in characteristic 0 D is standard
D= %7 D P
Vion
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Proof. Ths lazst remarks follow from f-strict innernsass:

PR TER NI It dlx, ] 6 fUf
1 3
3

"
I
-

1 niad 3 i’
S 6l - 3 =
3 T, o, ] xi;m;'

id?'r 1.7 .
umkq[ii,mi1 i
Eﬁ. = 1.3 5 D_ _ for n = %[Bm + ELH{;mTJ}-E ME , and

tly standard. Tn characteristic 0 we have

To prove f-slrict innerness it sulices to pass to the

algabraic closure AQ by the Linearity Lemma 4.4 {recalling

f{aj) = £(A]), so we way =ssume @ 7 algebraically closaed.

By the Algebra Sum TLemma 4.2 it sufficss if each simpla
Summand &, is L.-8trictly inner for f: = f(Aj} (recalling

Ii=H+%.), so we may assume A is sinple and M is unital ; by

the Moluls Sum Zemma 2.3 we may even assume M is irreducible

(since A is finite-dimensional and M completely reducible by

|_|

the Bimodule Theorem 3.0).

A5 a simple finite-dimensional algebra ovar an algebraically
clos=d field, we know A has the form Nk (¢) or €(e) by 2.0.
First consider the Caylev case A = C(2). Uere every derivation
inner by the Inner Derivation Theorem IV.5.1. Next

]

cansidor A =~ Ni (#) For w = 1, ie. a = ¥ ; now every unital

derivation killis 1, so here D = 0 iz indead striclly inner,
When A = Mk_i¢l for k i 3 we know all unital bimodules M

are assocliative, indeed the only irrsducible unital bimodule

is M = reg(A}. By associative theory we know D = Ad is at least



(=3}

inner. If p/k then f(A) = 1 ang certainly m € M = fMf

20 D is [-stricltly inner ({and since k¥ » 3 f is strongly

!

assoclative by VII.0.0). If v X k then (A = 0 ; we must

13

rewrite D = ad in the form of a strietly inner derivation.
How in M = reg(A)] = nﬁ[o the commutalor subspace [A,M] consists

Dracissly of all mabrices of Ergea Zexo. Since tr(l) = %k o4 ¢

-

F
=

¢ if p # k , we hava o1 &€ [A,M] and 31 + [A,M] = M. Thus

wa can wr = = 1 + X .} . Byt th I =
it ) e %l l'ﬂl} 1 S T Ad{xi,rﬂLJ

(1 is in thes center of M) = T{Ad ~ 3A b {bv asso-
Ixi.mi] LSRN
cilabivity) = § Dx.,m «» Thus when p Ak we can write ad_ = ¢ D

¥ m . .
p LA Tyl
&5 a strictly inner dsrivation,
Finally consider the split quaternion case 3, = M?{¢} & EE
M C eay (A} is the Cavlay bimoduls, any derivation is strictly

innexr by the Zplit Inner Derivaticn Theorem VI.5.10. If

Moo= E= - riyvati ig & sast inne = - 44
M = rag(l) M,(2) any derivation is at lsast inner, D Delfm aml1
and 1f thez characteristic # 2 then Ad -3 D iagtrietly

' My 2ey m?l

inner by (5.11a'}. Howaver, if the characteri L = 2 and thers
is z guaternion summand A = Ez[ﬁ} then there exist derivations
el which are not strictly inher. (Of course, 24 is f-slkrictly
i = m
11 11
inner forxr £ = £(A), Dub sincs £ is enly Z-connecked it iz not

strongly associativa). B

Remari. TL is worth racalling that bhe only time we really nsaed

derivation of the feorm ﬁﬂn (ie. where we can't conver:s them
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Foinner D 's} iz for summands Mk[¢} of degree k

S

Py the characteristic p. The reason we can't convert

them is that we can't write m as a sum of central elements and

commutators. For exampls, if m = 24 there is no way to make
Ad striclbly inner on M__ (8],
e - j i
11
Cermallary. I 3 is & separgble subalgebra of A withaul qilater-

nion summanés of characteristic 2 then any derivation of B into

A extends To an inner derivation of AL

A is a B-bimodule, so any D: B + A has the form

Y

H.oin,
1 1

For 3m + ETxi,mi] =n & N{M (ie [B,8,n] = 0).

This dessn't imoly n € W(A), ([2,A,n] = 0} in general, hut if

has nc gueternidn sumnmands of characteristic 2 then D is

s

actually f-sbtrictly imner, son € £af N(2A} by strong

assooiatciv

vation on

ity of £

all of &

-

= E£(B], and D does extend to an iader dari-

&
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bxercises

T,

Show that 1f A" = A, the only derivation of A into a trivial

maodula M is D = 0 ,

= N 7 1 - - ' o
IED D% is free ag a P-module, to what extent is 1t true

ay

= Der{ﬁ,m%z{ Indu:{lﬂ,mﬂ} = Inder{ﬁ,m)ﬂ ,

rk
P
¢
t
[}
{
Fy
Eh
=
+
%
=
4}—"
1

Cutder(a;,M,) = Outder (a,4) T

Show jer(ﬁ,JLHiI = I Der{&,Hi} andd Dﬁ:{ﬁ,%Mi} = n* Derf&,ﬂi},
where T° denotes the subspace ot the direct product consisting

of the lacally finite elements Hdi (ie those such thar for each

F"I
M
e

only Iinitely many di{a} are nonzerop). Show Der(HE] A. M)
L | CR )
ii

I

Ty De:{ﬂ{,M} where I, consists of thoss Hd{ such that

d.la.la, + a;dj{aj} = (I for Ay, = ﬂk 1 #F 3 . Give an examols

1 Eiﬁz, M) {'Dcr[ﬁl.m} & Dor{a_ ,M),

2 LS
n

M 15 a unital left mocduls for A show any derivation A+ M
has the form D = Ad = b

mn 1.,m

himodules acmit Galy standard derivations.,

for m = - D(1). Thus non-unital

Tf 4.1, show that if b: B + M is a derivation into a unita

bimodule M then 0 = - mi}j DcirD{Ej} kills all ek « Doduos Erom_

this the case for non-unital M by tacking on an e, to A to make

¥ a unital f-bimaduls, then applying the unital case to N: A + M
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Problem Set: Campbell-Casimir Operator

et T(x) = tr Lx bz the left trace'fmrm'of the regular

L
pir}

&

pimodule A over a field ¥ . Agsume T 18 nondagenerate, so

Tx,¥) = T{xyv)is a nondeganerate associative symmetric bilinear

Torm on A, If {Ki},ixz} are dual bases for A relative to

and {i,r) any hirepresentation, the (left) Camphall-Casimirc

dperabor dg &5 =3 4 ?

1]

Shtw & findltes-dimensicnal algebra & has nondegensrate trace

form iff A is separable, 2 = M A for A. sinple with separable

i
centers ?ifi » such that the degrees of the AiX@ (ie of
£, /T, and T./%) are not divisible by the characleristic P-

L case A = C(%) is split cayley, choose natural dual hases

¥+

%75 and compute T .

I
=

Iz (A, . (=), {ﬂij(xlj are the malrices of LX, Ry relative to

i
153

e % s . X
asecs {xi} and (hij{x]}, {Pij[x]} thoss relative =o {xi}

IR S cw T = A E o - 0 L
HILO '..:'J_-_ : (xy) = Lﬁi] (x)) r {. _.L.-I (x)) = (_ £ 3 () .

'
: . 1 = o *
saowWw zor bthe regular resrasentation C = LE tor e = L . 2. .

Show e = 1 is a unit for A

IT A—+ M is a derivaticn into a unital binmadule show

b =R2ad + I a

i fFur = % Gl geT 2- F we Plas T
n :._.:-; ;Ui:{;:‘ + A & L I0 {_. ll i 30" ;Ll

M JD00R.
§ D)
bsing %2, compare this with bhe Split Inner Derivation Theorsmn.

=
Iz 2. = L v.. e, show Y.. = ¥.. . Conclude C, = & for any

i g S PRy Ty ¥
hireprezentation (L,r), so Cg = I for a unital birepresentation.

]

This gives a uniform proof that derivations are inner, butk
only when nons of the sinple summands has degree divisible by

the characterisgtic. Such summands contribute the =strictly

derivations of 4.5,



